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ABSTRACT
The lensing power spectrum from cosmic microwave background (CMB) temperature maps will be measured
with unprecedented precision with upcoming experiments, including upgrades to ACT and SPT. Achieving
significant improvements in cosmological parameter constraints, such as percent level errors on σ8 and an
uncertainty on the total neutrino mass of ∼ 50 meV, requires percent level measurements of the CMB lensing
power. This necessitates tight control of systematic biases. We study several types of biases to the temperature-
based lensing reconstruction signal from foreground sources such as radio and infrared galaxies and the thermal
Sunyaev-Zel’dovich effect from galaxy clusters. These foregrounds bias the CMB lensing signal due to their
non-Gaussian nature. Using simulations as well as some analytical models we find that these sources can
substantially impact the measured signal if left untreated. However, these biases can be brought to the percent
level if one masks galaxies with fluxes at 150 GHz above 1 mJy and galaxy clusters with masses above Mvir =
1014M. To achieve such percent level bias, we find that only modes up to a maximum multipole of lmax ∼
2500 should be included in the lensing reconstruction. We also discuss ways to minimize additional bias
induced by such aggressive foreground masking by, for example, exploring a two-step masking and in-painting
algorithm.
1. INTRODUCTION
Gravitational lensing of the cosmic microwave background
(CMB) by intervening large-scale structure has long been
recognized as a powerful probe of cosmology (see Lewis &
Challinor 2006 for a theoretical review). Only recently, how-
ever, have millimeter-wave experiments reached the sensitiv-
ity to detect this promising signal.
There are two main methods for detecting CMB lensing.
One is to measure the smoothing of the acoustic peaks on
small angular scales induced by lensing in the CMB power
specrum (Seljak & Zaldarriaga 1996; Challinor & Lewis
2005). This has been detected using data from the Arcminute
Cosmology Bolometer Array Receiver (ACBAR; Reichardt
et al. 2009), the Atacama Cosmology Telescope (ACT; Dunk-
ley et al. 2011; Das et al. 2013), the South Pole Telescope
(SPT; Keisler et al. 2011; Story et al. 2012), and the Planck
satellite (Planck Collaboration et al. 2013a).
The second method is to measure the distinctive mode-
coupling that lensing generates in the CMB. Optimal filters
exploiting this mode coupling can be applied to millimeter-
wave maps to generate reconstructed maps of the matter dis-
tribution responsible for the lensing (Bernardeau 1997; Seljak
& Zaldarriaga 1999; Zaldarriaga & Seljak 1999; Hu 2001).
The power spectra of these reconstructed maps measure the
matter power spectrum integrated along the line of sight. This
method has the advantages of ultimately allowing one to mea-
sure the lensing power spectrum directly as a function of
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scale, and additionally of providing a higher significance de-
tection. Reconstructions done by ACT (Das et al. 2011, 2013)
and SPT (van Engelen et al. 2012), yielded lensing detec-
tion significances of 4 and 6.3σ respectively. More recently
Planck (Planck Collaboration et al. 2013b) has achieved a
detection significance of 25σ.
To date, all reconstructed lensing maps obtained from data
have employed the optimal quadratic estimation technique of
Hu (2001) and Hu & Okamoto (2002). This technique is de-
rived theoretically under idealized experimental conditions,
in which the CMB is taken to be a nearly perfect Gaussian
field with only a small mode-coupling induced by gravita-
tional lensing, and with no significant mode-coupling from
instrumental or foreground effects. Since then, the realities
of data have demanded the investigation of a number of addi-
tional sources of mode coupling, including finite sky coverage
(Perotto et al. 2010; van Engelen et al. 2012; Namikawa et al.
2012; Benoit-Le´vy et al. 2013), nonstationary noise statistics
(Hanson et al. 2009), primordial non-Gaussianity (Lesgour-
gues et al. 2005; Merkel & Scha¨fer 2013), and higher-order
mode couplings induced by lensing itself (Kesden et al. 2003;
Hanson et al. 2011).
In addition, astrophysical foregrounds in CMB maps in-
trinsically have significant mode coupling due to their non-
Gaussian nature. Amblard et al. (2004) estimated levels of
contamination based on simulations of large-scale structure,
finding biases on the reconstructed lensing power spectrum
ranging between tens of percents to factors of two due to the
presence of thermal and kinetic Sunyaev-Zel’dovich effects.
In their detections of the CMB lensing power spectrum, Das
et al. (2011), van Engelen et al. (2012), and Das et al. (2013)
argued that the effects of astrophysical foregrounds could be
neglected at sensitivity levels presented in those works. This
was based partly on an improved understanding of the prop-
erties of the millimeter-wave sky as measured by ACT and
SPT since the publication of Amblard et al. (2004). These
improvements include more accurate measurements of the
power spectrum amplitudes of point sources and the ther-
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2mal and kinetic SZ effects (Hall et al. 2010; Dunkley et al.
2011; Shirokoff et al. 2011; Reichardt et al. 2012). The bi-
asing signals from astrophysical sources were also minimized
in the SPT analysis by filtering out the smallest CMB scales,
which minimized the non-Gaussian foreground structure in
the maps. In the recent strong detection of lensing by the
Planck collaboration, the lensing signal was measured using
even larger CMB scales, due to the resolution of the instru-
ment, such that biases were negligible apart from a small term
associated with rare bright sources. This was a∼ 2% positive
bias that was subtracted off from power spectrum estimates
(Planck Collaboration et al. 2013b).
Measures of the lensing power spectrum are expected to
continue to improve in signal-to-noise ratio. The lensing anal-
ysis of the full SPT temperature survey, which consists of
about four times the survey area considered in van Engelen
et al. (2012), is ongoing. In addition, ACT and SPT have both
been upgraded with polarization-sensitive receivers (Niemack
et al. 2010; McMahon et al. 2009), and the new instruments
(ACTpol and SPTpol) are currently taking data. ACTpol, in
particular, will survey much wider areas than achieved to date
with ground-based CMB instruments, and is expected to yield
lensing detections in temperature maps that will roughly dou-
ble the signal-to-noise ratio. This will allow statistical uncer-
tainty in the lensing power spectrum to reach the ∼2% level,
improving current errors by a factor of two (Niemack et al.
2010). Achieving this will require biases to the lensing power
spectrum from astrophysical foregrounds to be constrained at
the percent level.
In this paper, we quantify the astrophysical biases with an
eye toward these upcoming datasets. We consider the contri-
butions from millimeter-wave emission by infrared galaxies
and radio galaxies, as well as the contribution from galaxy
clusters via the thermal Sunyaev-Zel’dovich effect. We fo-
cus this work on biases to lensing reconstruction from tem-
perature maps, deferring the study of foreground bias in
polarization-based reconstructions to future work. In all
that follows, we work in the flat-sky approximation, where
harmonic transforms on the sphere are approximated using
Fourier methods.
2. CMB LENSING RECONSTRUCTION
In the absence of lensing and other sources of CMB mode-
coupling, the CMB is a globally Gaussian field. On a given
scale l, it is fully described by its power spectrum according
to
〈TU (l1)TU (l2)〉 = (2pi)2δ(l1 + l2)CUl1 . (1)
Here, TU (l) is the Fourier transform of the unlensed CMB
map, and CUl is the unlensed power spectrum. Lensing shifts
the unlensed CMB temperature at position nˆ, to a new po-
sition, nˆ + α, where the deflection angle α is given by the
gradient of a scalar field φ(nˆ). Thus
T (nˆ) =TU (nˆ+∇φ(nˆ)). (2)
This scalar field is the weighted line-of-sight projection of the
three-dimensional gravitational potential of matter between
the observer and the CMB, and thus probes the evolution of
cosmic structure through time.
Since the deflection angle represents a small perturbation
about nˆ, we can Taylor expand, which to first order gives
T (l) = TU (l) + (∇TU ?∇φ)(l), (3)
where pixel-by-pixel multiplication becomes convolution in
Fourier space. Since ∇T (l) = −ilT (l), then for L = l1 + l2
and L 6= 0, keeping only terms linear in φ yields
〈T (l1)T (l2)〉CMB =(l1 + l2) · (l1CUl1 + l2CUl2 )φ(l1 + l2)
≡f(l1, l2)φ(L). (4)
We choose to focus on the L 6= 0 terms because the L = 0
terms led to the power spectrum. The subscript “CMB” on the
left-hand side indicates that we consider an ensemble average
of CMB realizations, while holding the φ realization fixed.
Eq. 4 describes the mode coupling lensing generates. If there
was no lensing, i.e. φ = 0, then this would be zero.
The optimal quadratic estimator for the lensing field φ is
formulated to take advantage of this mode coupling (Hu 2000,
2001). This is done by filtering the maps with a filtering func-
tion, F (l1, l2), that downweights the noisy modes, and selects
for the mode-coupling of Eq. 4:
F (l1, l2) =
f(l1, l2)
2Ctl1C
t
l2
. (5)
Here, Ctl is the assumed total power in the map, including
CMB, noise, and foreground power.
Thus, we can estimate the lensing deflection field, dˆ, which
is related to the lensing potential via d(L) = Lφ(L), using
dˆ(L) ≡ Lφˆ(L) = AL
L
∫
d2l1
(2pi)2
F (l1,L−l1)T (l1)T (L−l1).
(6)
In this reconstruction of the deflection field, the normaliza-
tion AL is chosen to ensure that the resulting lensing map is
unbiased, with 〈dˆ(L)〉CMB = Lφ(L).
An estimation of the lensing power spectrum can be ob-
tained from dˆ(L) by computing
〈dˆ(L1)dˆ(L2)〉 = AL1
L1
AL2
L2
∫
d2l1
(2pi)2
∫
d2l2
(2pi)2
× F (l1,L1 − l1)F (l2,L2 − l2)
× 〈T (l1)T (L1 − l1)T (l2)T (L2 − l2)〉. (7)
The estimated lensing power spectrum is thus sensitive to
the four-point product of CMB modes in the Fourier do-
main.6 This four-point product can be decomposed into sev-
eral terms:
〈T (l1)T (l2)T (l3)T (l4)〉 =(〈T (l1)T (l2)〉〈T (l3)T (l4)〉
+ 2 perm.)
+ 〈T (l1)T (l2)T (l3)T (l4)〉conn.
(8)
The first two lines describe unconnected terms, which exist
even for a globally Gaussian field with no lensing. We have
used the Wick theorem to write this unconnected piece as the
sum of three sets of two-point products. The (+2 perm.) refers
to the terms obtained by replacing the pairings (1, 2)(3, 4)
with the pairings (1, 3)(2, 4) and (1, 4)(2, 3). These uncon-
nected terms are given in terms of the power spectrum via the
analogue of Eq. 1 using the total power Ctl .
6 The angled brackets 〈.〉 without the “CMB” subscript indicate that this
ensemble average is taken over realizations of both the TU (l) and φ(l) fields;
see Kesden et al. (2003) for a more detailed discussion. We are neglecting the
correlation between the two fields, induced by the integrated Sachs-Wolfe
effect.
3The first unconnected term is proportional to a delta func-
tion at L = 0, giving no contribution at L 6= 0. However, the
two terms represented by the (+2 perm.) lead to an effective
noise bias of
N
(0)
L =
A2L
L2
∫
d2l1
(2pi)2
f(l1,L−l1)F (l1,L−l1)
[
(Ctl1)
′(Ct|L−l1|)
′
Ctl1C
t
|L−l1|
]
.
(9)
Here, (Ctl )
′ represents the total power spectrum in the field,
as opposed to the power assumed in the denominator of the
optimal lensing filter, Ctl in Eq.5.
The N (0)L bias thus originates from the nonzero CMB and
noise power in the map. The superscript (0) refers to the bias
being zeroth order in lensing, since it is present if φ = 0.
If the map contains the same power as that assumed in the
filter, so that (Ctl2)
′ = Ctl2 , then N
(0)
L = AL (e.g. Hu &
Okamoto 2002). In general, there will be some scatter in
N
(0)
L from realization to realization due to the sample variance
in the observed CMB and noise fluctuations. This bias can be
characterized by directly evaluating Eq. 9, taking Ctl
′ to be
the estimated power spectrum from the given map realization
(Dvorkin & Smith 2009; Namikawa et al. 2012).7
The connected terms in Eq. 8 give the trispectrum,
〈T (l1)T (l2)T (l3)T (l4)〉conn. ≡
(2pi)2δ(l1 + l2 + l3 + l4)T (l1, l2, l3, l4). (10)
At first order in the lensing potential power spectrum, CφφL ,
the trispectrum from the lensing of the CMB is (Kesden et al.
2003):
T (l1, l2,l3, l4) = Cφφ|l1+l2|f(l1, l2)f(l3, l4) +2 perm. (11)
The first of these terms leads to the direct measure of the CMB
lensing power spectrum. The (+2 perm.) terms lead to the
N
(1)
L bias, which are of the same order in the lensing poten-
tial power spectrum. This bias, and those at higher orders in
CφφL have been studied elsewhere (Kesden et al. 2003; Hanson
et al. 2011).
Other sources of nonzero trispectrum will also lead to sig-
nals which can bias the resulting lensing power spectrum
estimates. In particular, a field with a given trispectrum
T ′(l1, l2, l3, l4) will lead to a response in the lensing power
spectrum given by
(CφφL )
′ =
A2L
L2
∫
d2l1
(2pi)2
d2l2
(2pi)2
F (l1,L− l1)F (l2,L− l2)
× T ′(l1,L− l1, l2,L− l2). (12)
In this work, we quantify these biases from known astro-
physical sources using simulations and some analytic models.
For the majority of the paper we assume map noise levels of
18µK-arcmin and foreground power of 9.1µK-arcmin, which
we assume to be independent of l. These values are roughly
consistent with expected SPT and ACTpol survey levels. We
also impose a maximum temperature multipole used in the
7 Alternatively, the noise bias N(0)L can be avoided altogether by splitting
the Fourier domain into disjoint regions such that l1 and l2 do not share
modes in common with l3 and l4 (Sherwin & Das 2010; van Engelen et al.
2012). We do not consider this further because the characterization of the
noise bias directly from the data has been shown to be tenable (Namikawa
et al. 2012; Planck Collaboration et al. 2013b).
lens reconstruction of lmax = 3000. In Section 6, we relax
these assumptions and study the dependence of foreground
biases on the map noise level and filtering choice.
3. SIMULATIONS OF THE MICROWAVE SKY
To quantify biases on the lensing power spectrum due to
foregrounds we use two independent sets of simulations. The
first is described in Bhattacharya et al. (in preparation; B13
hereafter) and summarized below. The second is from Sehgal
et al. (2010) (S10 hereafter), with some modifications which
we also describe below.
The B13 simulations use the Coyote N-body simulation
performed using the publicly available Gadget-2 code (Heit-
mann et al. 2010) to describe the dark matter distribution. The
simulation has a box size of 1300 Mpc and 10243 particles. A
standard ΛCDM cosmology is adopted with Ωmh2 = 0.1296,
Ωbh
2 = 0.0224, ns = 0.97, σ8 = 0.8, h = 0.72, and Ωk = 0,
consistent with the latest best-fit cosmological model from
WMAP-7 (Komatsu et al. 2011). Ten simulation outputs be-
tween z = 0 and 4 were generated, equally spaced in the scale
factor, to create a lightcone filling one octant of sky. Ray trac-
ing through the lightcone was done to create the lensing con-
vergence field. The SZ effect was added to halos identified in
the N-body simulation by using a semi-analytic model for gas
physics (Shaw et al. 2010). Infrared galaxies were also added
to the halos using a semi-analytic approach.
The flux distribution of the infrared galaxies, which consti-
tute the cosmic infrared background (CIB), in the B13 sim-
ulations was allowed to have mass and redshift dependence
in addition to frequency dependence. To model this galaxy
distribution, the dark matter halos were first modeled as NFW
profiles (Navarro et al. 1997). Flux from infrared galaxies was
then added to these profiles following
dI
dMdz
(M, z) = ρDM(M, z)A
(
M
Mpiv
)α
(1 + z)β , (13)
where M and z are the halo mass and redshift. The halos
were populated with flux using A, α, and β values with dark
matter halo mass M ≥ 2.5× 1012h−1M. The smallest halo
in this simulation is thus resolved by 50 particles. We con-
sider the minimum number of parameters needed to fit the
CIB clustered power spectrum (Reichardt et al. 2013; Sievers
et al. 2013) and the CIB bispectrum (Crawford et al. 2013).
The advantage with this approach is that there are a few pa-
rameters with which to explore the parameter space. The dis-
advantage is that one cannot predict how different galaxy pop-
ulations contribute to the infrared background power. There
is also significant choice in which halos receive infrared flux.
Two such choices are made, yielding models constructed to
give the same amount of clustered power seen in experiments
(Reichardt et al. 2012; Sievers et al. 2013), and to match the
infrared intensity distribution of the Be´thermin et al. (2011)
model. For the CIB analysis described below, we additionally
scale the CIB maps from the two models by factors of 1.21
and 1.12, to exactly match the amplitude of the clustered CIB
at 150 GHz found by Reichardt et al. (2012) at l = 3000.
The second set of simulations we use is the S10 simula-
tions, which are described in Sehgal et al. (2010) and are pub-
licly available. We make two modifications to these simula-
tions that differ from the original S10 version. The first is
that the SZ gas model that is implemented is instead the gas
model described in Bode et al. (2012). The second is that the
fluxes of all the infrared galaxies in this simulation have been
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FIG. 1.— Biases on lensing power spectra from the CIB. In all panels,
source cuts have been applied to 5 mJy. Top left: power spectra of simulations
used, including model 1 (green) and model 2 (blue) of the B13 simualations,
together with the S10 simulations. We also show the SPT (left black error
bar, Reichardt et al. 2012) and ACT (right black error bar, Das et al. 2013)
measurements. The grey error bars for SPT indicate the spread of amplitudes
at l = 3000 for the five CIB models considered by Reichardt et al. (2012).
Bottom left: resulting biases from the trispectrum of the simulated sources.
Top right: CIB cross correlation with the projected mass fluctuations, κ, that
lens the CMB. We also show in black the cross-correlation found by Planck
Collaboration et al. (2013b). Bottom right: absolute value of the bias orig-
inating from correlations between the CIB and κ fields. The black curves
show the lensing power spectrum multiplied by 0.05 for a fiducial ΛCDM
cosmology.
scaled down by 25%. This reduction in flux makes the in-
frared galaxy model of S10 match the amplitude of the total
infrared background power spectrum measured by ACT and
SPT at 150 GHz at l = 3000 (Reichardt et al. 2013; Siev-
ers et al. 2013). This infrared model also matches the source
counts measured by SCUBA at 350 GHz (Coppin et al. 2005),
the total infrared background intensity measured by FIRAS
(Fixsen et al. 1998), and the bispectrum measured by both
SPT and Planck (Crawford et al. 2013; Planck Collabora-
tion et al. 2013e).8 The S10 simulations including these two
new modifications are publicly available at http://www.
slac.stanford.edu/$\sim$sehgal/simsv2.0/.
The power spectra for the two CIB simulations we consider,
including the flux rescalings, are shown in the upper-left panel
of Fig. 1. Here, sources above 5 mJy have been removed to
approximately match the 6.4 mJy cut of the SPT analysis.9
We also estimate the bispectrum for our CIB models, using
the tools described in detail in Crawford et al. (2013), includ-
ing masks to 5 mJy. These are shown in Fig. 2, together with
the measurements from SPT on scales l > 1500 (Crawford
et al. 2013), and from Planck on scales l < 800 (Planck Col-
8 Note that the S10 infrared galaxy model also predicts an abundance of
infrared galaxies in massive clusters that is only 30 times larger than the field,
contrary to the claims in Lueker et al. (2010) and Hall et al. (2010). This
abundance of infrared galaxies in massive clusters is completely consistent
with the measurements of Bai et al. (2007).
9 ACT removed sources above 15 mJy, which results in a negligible differ-
ence in power compared to the 6.4 mJy cut.
FIG. 2.— Bispectra of the CIB simulations, including the S10 model (red)
and the two B13 models (green and blue). The SPT (Crawford et al. 2013)
and Planck (Planck Collaboration et al. 2013e) data, both scaled from 220
GHz down to 150 GHz using the procedure described in the text, are shown
as the dashed and dotted curves, respectively. The error bands include uncer-
tainties in the frequency scaling in addition to the reported errors.
laboration et al. 2013e). For both experiments, we scale the
more significant measurement at 220 GHz to 150 GHz with a
flux factor given by the ratio of the Poisson CIB bispectrum
measurement at 220 to that at 150 GHz, which is 6.03 ± 2.23
(Crawford et al. 2013). We divide the 220 GHz clustered CIB
measurements by this factor to obtain the measurement at 150
GHz. The final error bar includes uncertainty in the Poisson
power at 150 and 220 GHz, and the uncertainty in clustered
power at 220 GHz. The S10 model and the first B13 model are
consistent with the SPT-obtained bispectrum. The S10 model
is also consistent with the bispectrum recently measured by
Planck at low multipoles (l ≤ 800). The second B13 model
has a larger bispectrum than that seen by SPT by a factor of
∼ 10, indicating that lensing biases obtained from this model
may possibly be overestimated.
4. BIAS ON LENSING RECONSTRUCTION FROM GALAXIES
Emission from active galactic nuclei and dusty star-forming
galaxies represent the dominant sources of fluctuation in
millimeter-wave maps on small angular scales, and can sig-
nificantly bias lensing estimates. Below we study two differ-
ent types of bias from galaxies, one due to the intrinsic galaxy
four-point function and one due to the correlation between
galaxies and the lensing field.
4.1. Bias from the Galaxy Four-point Function
4.1.1. Poisson-Distributed Galaxies
A field of uncorrelated, Poisson-distributed point sources
will possess a trispectrum. Galaxies, in fact, do not follow a
Poisson distribution since they are inherently correlated, re-
siding in clustered dark matter halos. However, we present
the scenario as an instructive toy model. In the limit of a few
bright sources, the distribution of galaxies can approach Pois-
son.
If uncorrelated sources per area element on the sky are suffi-
ciently numerous, the central limit theorem will apply and the
field will approach a Gaussian field with white noise. In lens-
ing power spectrum reconstruction, it will then form a portion
5of theN (0)L bias and will be removed. If this limit does not ap-
ply, the uncorrelated sources will generate a trispectrum that
will appear as a source of bias in the inferred lensing power
spectrum. With high-resolution maps from experiments such
as ACT and SPT, bright, rare sources have been cleaned to
relatively faint flux thresholds to approximately 5 mJy (Das
et al. 2013; Story et al. 2012); however, a possible concern is
the impact of sources just below the cut in flux.
A galaxy at position nˆ with flux density S will contribute
a temperature fluctuation of T (nˆ) = GνSδD(nˆ) to the CMB
map, whereGν is a factor to convert between flux density and
temperature units. This factor is given by Gν = dBν(T )/dT ,
evaluated at the CMB temperature T = 2.73 K, where Bν is
the Planck function at frequency ν. In the Fourier domain, the
contribution from such a galaxy corresponds to a temperature
field of
T (l) = GνSe
−il·nˆ. (14)
The power spectrum from this is constant in l.
For two sources, with flux densities S1 and S2, at uncorre-
lated locations, the power spectrum is given by
〈T ?(l)T (l)〉 = (GνS1)2 + (GνS2)2; (15)
the cross terms cancel due to the uncorrelated nature of the
sources. This result generalizes to N sources, leading to a
power spectrum for Poisson sources, Cpl , of
Cpl = G
2
ν
∫ Smax
Smin
dS S2
dN
dS
. (16)
The factor dNdS is the number density of sources per stera-
dian, per unit flux interval. Following similar arguments, the
trispectrum is also constant in l and is given by
T (l1, l2, l3, l4) = G4ν
∫ Smax
Smin
dSS4
dN
dS
. (17)
The power spectrum and trispectrum of sources both lead to
signatures in reconstructed CMB lensing power spectra. The
source power spectrum yields a portion of the N (0)L bias fol-
lowing Eq. 9, and is hence removed in an analysis, while the
source trispectrum leads to an additive bias following Eq. 12.
We evaluate these expressions as a function of lensing mul-
tipole L for two distinct galaxy populations. The number
counts for extragalactic sources which appear at mm-wave
frequencies have been well-studied at the bright end, where
individual sources can be identified (e.g., Vieira et al. 2010;
Marsden et al. 2013; Mocanu et al. 2013). Models have been
made that extrapolate and interpolate these measured counts
to lower flux levels (Negrello et al. 2007; de Zotti et al. 2005).
First, we consider dusty, star-forming galaxies, for which we
use the model of Negrello et al. (2007). Since the lowest
frequency treated explicitly by this model is 350 GHz (or
850 µm), one needs to scale the sources from 350 GHz to 150
GHz; we scale to match the predicted Poisson power spectrum
of this model to the measurement obtained by the SPT group,
l(l + 1)Cl/2pi = 7.5 ± 0.5 µK2, assuming infrared sources
have a Poisson component (Reichardt et al. 2013). The SPT
measurement is for a flux cut of 6.4 mJy, and is in agreement
with that of the ACT group (Sievers et al. 2013).
The trispectrum term from this calculation is shown as a
function of flux cut and is evaluated at the lensing multipole
L = 500 in Fig. 3. We choose L = 500 as a representative
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FIG. 3.— Fractional bias on the lensing power spectrum for Poisson-
distributed point sources. Open triangles show dusty galaxies from the Ne-
grello et al. (2007) model, and solid circles show radio galaxies from the de
Zotti et al. (2005) model. Also shown are two difference choices of maximum
multipole, lmax = 3000 and lmax = 4000.
scale because it is near the middle of the distribution of lens-
ing information per multipole for an experiment like SPT or
ACT. The biases fall with more aggressive flux cut, and are
below percent level for Smax ' 14 mJy for lmax = 3000. We
have confirmed this result with lensing reconstructions of sim-
ulations of Poisson-distributed sources with the same dN/dS.
The regime for ACT/SPT stands in contrast to that of the
Planck satellite (Planck Collaboration et al. 2013b). The
larger Planck beam and higher map noise level (at 143 GHz,
∼ 7 arcmin and 45 µK-arcmin) lead to the much higher 5σ
flux threshold of 145 mJy at 143 GHz. The larger beam
corresponds to a much lower effective maximum multipole
used in the lensing reconstruction (lmax ' 1800), reducing
the relative impact of foregrounds. However, the higher flux
cut increases the bias substantially. The Planck team thus
found a bias of amplitude ∼ 2% on the lensing power spec-
trum from unresolved bright sources whose distribution ap-
proaches Poisson. Since this corresponds to one-half of their
4% statistical error, this term needed to be treated explicitly
in their analysis. This was done by estimating the amplitude
for the trispectrum of these roughly uncorrelated sources di-
rectly from the maps, evaluating the associated bias on the
lensing power spectrum using the curved-sky generalization
of Eq. 12, and subtracting the resulting template from the es-
timated lensing power spectra.
We note, however, that infrared galaxies do not need to
show a Poisson-distributed component given the maximum
multipoles measured by current experiments. If measure-
ments are made assuming they contain two separate compo-
nents, clustered and Poisson, then there is a possibility that
the amplitude of the Poisson component will be a function of
the maximum multipole of the measurement (as is the case for
the S10 model). We discuss more realistic, clustered sources
below.
64.1.2. Clustered Galaxies
The distribution of sources on the sky exhibits clustering,
which affects the higher-order statistics. Clustering in the
CIB at mm-wave frequencies was first detected in the CIB
power spectrum by Hall et al. (2010), Dunkley et al. (2011)
and Planck Collaboration et al. (2011), and has since been
measured with increasing precision (Shirokoff et al. 2011; Re-
ichardt et al. 2013; Sievers et al. 2013; Planck Collaboration
et al. 2013e). The clustering in the bispectrum at mm-wave
frequencies has also been recently detected (Crawford et al.
2013; Planck Collaboration et al. 2013e). Although some
analytic prescriptions exist for higher-order moments of the
galaxy population (e.g., Argu¨eso et al. 2003; Lacasa et al.
2012), we use the S10 and B13 simulations to estimate lens-
ing biases from clustered CIB sources.
To study the impact of source masking, we mask pixels
above different maximal flux values ranging between 0.5 and
20 mJy, replacing masked sources with the median of the map
at each step. Although the B13 simulations do not contain
individual sources, we nevertheless perform masking on the
brightest pixels, using the same conversion of temperature to
flux density per pixel as that applied for the S10 simulations.
We downsample the S10 simulations from Healpix resolution
Nside = 8192 to Nside = 4096; the B13 simulations are at
resolution Nside = 4096 natively. We then extract 42 non-
overlapping flat-sky maps of 100 square degrees each using
the oblique Lambert equal-area azimuthal projection (Sny-
der 1987) from these Nside = 4096 maps. To finely sam-
ple the Healpix maps on the flat-sky grid we use a resolution
of 0.25′, and then downgrad to 1′, which resolution is set by
that needed for lensing reconstruction, by averaging contigu-
ous pixels. We account for the effects of this downsampling
process by generating Healpix maps of simulated white noise
(with power spectrum Cl ≡ 1), passing these maps through
the same downsampling and reprojection steps, and estimat-
ing the power spectra of the resulting maps. This leads to an
estimate of the effective transfer function associated with the
downsampling, which we deconvolve from our flat-sky CIB
maps.
The top-left panel of Fig. 1 shows the power spectra, esti-
mated on the flat sky, of both sets of CIB simulations when
applying a 5 mJy flux cut. The model used to generate the
B13 simulations assume infrared galaxies have both a Pois-
son and clustered component, and only describes the clustered
piece. This leads to a lower overall power spectrum amplitude
at l = 3000 compared to the S10 simulations. Also shown
at l = 3000 are the measurements of the clustered and to-
tal CIB power found by Reichardt et al. (2013) and Sievers
et al. (2013), the latter of which is a fit to the power spec-
tra found by Das et al. (2013).10 In the case of the Reichardt
et al. (2013) measurement, we also show an approximate sys-
tematic error bar associated with the scatter between the five
models of the clustered CIB studied in that work.
We perform lensing reconstructions on the CIB fields using
the estimator in Eq. 6. The power spectra of the reconstructed
fields are shown in the bottom-left panel of Fig. 1. In each
case, we subtract an estimation of the noise bias N (0)L using
Eq. 9 and the power spectrum (Ctl )
′ estimated directly from
10 The uncertainty shown for the “obs. total” CIB points is obtained by
combining in quadrature the uncertainties on the measured amplitudes of CIB
sources fit to a model of infrared galaxies with separate clustered and Poisson
components. We neglect the covariance between these measured amplitudes,
slightly overestimating the uncertainty on the total.
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FIG. 4.— Fractional biases, in units of the lensing power spectrum, eval-
uated at L = 500 for the CIB models we consider. Left panel: bias from
the CIB four-point function; right panel: absolute value of the bias from the
CIB-κ correlation, which is negative on the scales of interest. Error bars de-
note the error on the mean, based on the scatter from 42 patches, each of 100
square degrees.
the simulations. We call the remaining bias the “CIB 4-pt.
bias” due to its dependence on the four-point function of the
CIB.
We show this bias, evaluated at L = 500, as a function of
flux threshold in the left panel of Fig. 4. While for the un-
masked fields the biases can be several percent, masking to
∼ 2 mJy can reduce them to below one percent for all three
simulations tested. Since a 5σ flux cut at 150 GHz corre-
sponds to ∼ 5 mJy for an ACT/SPT experiment, it may be
necessary to use information from higher frequencies to reli-
ably extract sources to this level.
4.2. The Galaxy-Lensing Correlation
As was shown observationally by Holder et al. (2013),
Planck Collaboration et al. (2013c), and Hanson et al. (2013),
the CIB is strongly correlated with the CMB lensing field, at
the ∼ 80% level (Song et al. 2003). This is because both
fields are tracers of nearly the same dark matter fluctuations,
owing to the very similar redshift responses. The two sets of
simulations that we use include maps of the lensing conver-
gence, κ, which is related to the lensing potential according
to κ(nˆ) = 12∇2φ(nˆ). The κ field is proportional to the pro-
jected matter overdensity along the line of sight. In the top-
right panel of Fig. 1, we show the κ-CIB cross-power spectra
in the simulations. Also shown is the cross-correlation coeffi-
cient of ' 0.8 at 143 GHz found by the Planck team (Planck
Collaboration et al. 2013c). We estimate the uncertainty on
this cross-correlation amplitude by summing, in quadrature,
the inverse of the stated fractional bandpower uncertainties
taken from Table 2 of Planck Collaboration et al. (2013c). The
inverse of the square root of this sum gives a fractional uncer-
tainty of 22%.11 The cross power spectra in the simulations
are lower than those found observationally, since dark matter
halos are only identified up to a given redshift in the simu-
lations (z = 4 for B13, z = 3 for S10). As a result, CIB
sources do not populate halos at higher redshifts than these in
the simulations.
We find that CIB fields that are correlated with the lens-
ing maps lead to a bias on the lensing power spectrum (Smith
11 Note that this uncertainty is much smaller at the higher Planck frequen-
cies, where emission from dust dominates over the CMB.
7et al. 2007; van Engelen et al. 2012; Bleem et al. 2012). While
trispectra based on these correlations, assuming the CIB is a
Gaussian field, have been derived (Cooray & Kesden 2003),
analysis of non-Gaussian CIB simulations has indicated that a
much larger bias can exist. This bias is negative on the scales
of interest (L < 2000), and becomes positive at higher L. To
isolate this effect, we compute the cross power of the lensing
reconstructions of CIB fields with the input κ maps. This bias
is a multiplicative bias, describing the imperfect κ reconstruc-
tion using maps with correlated non-Gaussian foregrounds.
This is in contrast to the additive bias of intrinsic four-point
functions from foregrounds (as discussed in the previous sec-
tion). We multiply our result by a factor of 2, since we are
considering biases for lensing auto-power spectra. This factor
of 2 would be absent in an analysis of cross-correlations of
CMB lensing with other, independent tracers of large-scale
structure. Since this bias is proportional to two factors of
the CIB and one factor of κ, we call this the “CIB2-κ bias.”
This bias probes the matter bispectrum as traced by these two
fields.
The results from the simulations are shown, in absolute
value, in the bottom-right panel of Fig. 1. Here again there is
substantial variation between the different simulations, with
the bias factors ranging from 1% to 5%, as seen fractionally
in the right panel of Fig. 4. This bias does not fall as quickly
with masking as the intrinsic four-point bias, and exceeds 1%
even for aggressive thresholds of 1 mJy.
5. BIAS ON LENSING RECONSTRUCTION FROM GALAXY
CLUSTERS
In addition to infrared and radio galaxies, galaxy clusters
also have an intrinsic four-point function and a correlation
with the κ field. Both of these also lead to biases on the lens-
ing power spectrum.
5.1. The Galaxy Cluster Four-point Function
Galaxy clusters are apparent in CMB maps due to the
Sunyaev-Zel’dovich (SZ) effect. This effect is a spectral dis-
tortion in the CMB caused by the inverse Compton scattering
of CMB photons with free electrons (Sunyaev & Zel’dovich
1970, 1972; for reviews see Rephaeli 1995; Carlstrom et al.
2002). In this work, we consider the thermal Sunyaev-
Zel’dovich effect (tSZ), which involves photons scattering off
hot electrons in the deep potential wells of galaxy clusters.
The kinetic Sunyaev-Zel’dovich effect (kSZ), which origi-
nates from photons scattering off electrons possessing bulk
motions along the line of sight, is expected to be a much
smaller contaminant for CMB lensing studies (van Engelen
et al. 2012). This is due to its lower fluctuation amplitude and
its smoothness compared to the tSZ effect. In addition, mask-
ing of tSZ clusters (discussed below) will reduce the kSZ-
induced lensing contamination from those clusters (Amblard
et al. 2004).
The non-Gaussianity of the tSZ field is significant; the
three-point function, or bispectrum, has recently been de-
tected by the ACT (Wilson et al. 2012), SPT (Crawford et al.
2013), and Planck (Planck Collaboration et al. 2013d) teams.
For lensing power spectrum estimation the tSZ trispectrum
is an important potential contaminant. The tSZ trispectrum
has been considered previously as a source of non-Gaussian
variance in CMB power spectrum estimation (Cooray 2001;
Shaw et al. 2009). Due to its scaling with the fourth power of
the temperature decrement, it is dominated by the most mas-
sive clusters in the Universe. In the current era of dedicated
SZ surveys with low noise levels, namely SPT (Vanderlinde
et al. 2010; Benson et al. 2013) and ACT (Sehgal et al. 2011;
Hasselfield et al. 2013), many of these massive clusters can
be detected on an individual basis. However, the trispectrum
from clusters just below the detection threshold can in princi-
ple cause a concern for lensing studies.
The power spectrum of the tSZ effect has been extensively
modeled (e.g., Komatsu & Seljak 2002; Sehgal et al. 2010;
Shaw et al. 2010; Battaglia et al. 2010), and observations of
the power spectrum of the mm-wave sky have been used to
fit these models (most recently, Reichardt et al. 2012; Sievers
et al. 2013; Planck Collaboration et al. 2013d). The power
spectrum is dominated by clusters with lower masses than
those which can be detected individually in current surveys
(Shaw et al. 2009; Trac et al. 2011). The bispectrum of the
tSZ effect originates from clusters with masses between those
dominating the power spectrum and trispectrum, and can pro-
vide a useful cosmic probe (Bhattacharya et al. 2012; Hill &
Sherwin 2013).
Here, we compute the impact of the tSZ trispectrum on
lensing power spectrum estimation using the same halo model
approach as that taken in the predictions for the SZ power
spectrum and bispectrum. On the scales of interest, the power
spectrum and bispectrum have been found to be dominated
by the term in which all multipole arguments reside within
the same dark matter halo (Komatsu & Kitayama 1999; Bhat-
tacharya et al. 2012); this is known as the “one-halo” term.
We expect the one-halo term to dominate here as well, due to
the sensitivity of the trispectrum to the brightest objects
The tSZ trispectrum is then given by (Cooray 2001; Ko-
matsu & Seljak 2002; Bhattacharya et al. 2012)
T (l1, l2, l3, l4) =f4ν
∫
dz
dV
dz
∫
d lnM
dn(M, z)
d lnM
× y(l1,M, z)y(l2,M, z)y(l3,M, z)y(l4,M, z).
(18)
Here, V (z) is the comoving volume element per steradian,
fν = xν(coth(xν)−4) is the frequency-dependent SZ scaling
factor, xν = hν/kBTCMB , n(M, z) is the halo mass func-
tion, which we take to be that of Tinker et al. (2008), and
y(l,M, z) is the Fourier transform of the projected SZ profile
for a cluster mass M and redshift z. This last term is given by
(e.g. Komatsu & Seljak 2002)
y(l,M, z) =
4pirs
l2s
σT
mec2
∫
dxx2Pe(x,M, z)
sin(lx/ls)
lx/ls
.
(19)
Here, rs is the scale radius of the pressure profile,
ls = DA(z)/rs where DA(z) the angular diameter distance
to redshift z, σT is the cross-section for Thomson scattering,
mec
2 is the electron rest mass, x = r/rs, and Pe(x,M, z) is
the projected pressure profile of the cluster, for which we use
the profile described in Bhattacharya et al. (2012).
To evaluate the bias on the lensing estimator, we insert the
SZ trispectrum into Eq. 12. We consider halo masses in the
range 2 × 1013M ≤ Mvir ≤ 5 × 1015M, and redshifts
in the range 0 < z < 3. The resulting features in the lens-
ing power spectrum space, shown in Fig. 5, have very similar
shapes as those for Poisson-distributed point sources, but the
spatially extended nature of clusters reduces the amplitude of
this template. In Fig. 5, we also show the theoretical thermal
SZ power spectrum, computed using the analogue of Eq. 18
with two factors of y(l,M, z) (e.g., Komatsu & Seljak 2002).
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This analytic approach enables us to evaluate the SZ four-
point bias as a function of both the cluster physics parameters
and the cosmological parameters. Combinations of these pa-
rameters are constrained by measurements of the tSZ power
spectrum (Reichardt et al. 2012; Dunkley et al. 2011; Planck
Collaboration et al. 2013d). Perturbing the cluster physics
parameters described in Bhattacharya et al. (2012) and eval-
uating the lensing bias, we find that the parameter with the
largest impact is the normalization of the concentration-mass
relation, Ac. This parameter controls the effective radius of
the clusters. The amplitude of the matter power spectrum
today, σ8, also has a strong impact on the moments of the
tSZ field, with the power spectrum scaling in proportion to
σ7−98 , and the bispectrum scaling in proportion to σ
11−12
8
(Bhattacharya et al. 2012; Hill & Sherwin 2013). In Fig. 5
we show the dependence of the power spectrum and the four
point-induced lensing bias on both of these parameters. As
expected, the fractional changes in the four-point signature
are roughly twice those of the power spectrum, leading to a
large uncertainty.
Since variation in these parameters can lead to a signifi-
cant change in the theoretical tSZ four point-induced lensing
bias, we compute this feature on a grid of 10 × 10 points in
the plane formed by σ8 and Ac. We assume a range of pa-
rameter values of 0.70 < σ8 < 0.85 and 0.3 < Ac < 2.0,
and impose prior information from measurements of the tSZ
power spectrum on the angular scales of interest. Specifi-
cally, we use the SPT measure from Reichardt et al. (2012) of
DtSZ3000 = 3.65 ± 0.69µK2, where Dl ≡ l(l + 1)Cl/2pi. This
measurement is obtained from fitting the amplitudes of mul-
tiple templates to power spectra at three frequencies, and is
somewhat sensitive to choices of these templates, particularly
the properties of the CIB. To be conservative we have chosen
the tSZ template fit amplitude from Reichardt et al. (2012)
with the widest error bar. We form a simple chi-square-like
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FIG. 6.— Bias from the four-point function of the thermal SZ effect, ob-
tained theoretically for two mass thresholds. The error bands indicate the
impact of marginalizing over σ8 and Ac, while forcing the theoretical power
spectrum to agree with measurements from SPT (Reichardt et al. 2012),
within uncertainties.
function defined by
χ2(σ8, Ac) =
(
CtSZ,data3000 − CtSZ,theory3000 (σ8, Ac)
σ(CtSZ,data3000 )
)2
. (20)
The theory power spectra, CtSZ,theoryl , are calculated without
any clusters masked, i.e., over all clusters in the range of 2×
1013 M ≤ Mvir ≤ 5 × 1015 M. We find that this function
has a minimum along a long degeneracy track in the σ8 −Ac
plane, given by the equation Ac − 1.0 = −13× (σ8 − 0.76).
For a variety of cluster mass thresholds, we compute the tSZ
four point-induced lensing bias at each point in our grid of val-
ues of σ8 andAc (Eqs. 18 and 12). We then calculate the scat-
ter among these models subject to a data-derived weighting
function given by w(σ8, Ac) = exp(−χ2(σ8, Ac)/2). This
leads to a data-constrained estimate of the theoretical model
scatter, effectively marginalizing over these parameters.
In Fig. 6, the resulting error bands are shown as a function
of lensing multipole, L, for two choices of mass cut. The
values at L = 500 are also shown, along with the simulation-
derived biases described below, in the left panel of Fig. 8. The
theory-derived biases on the CMB lensing power spectrum
correspond to (0.0013± 0.0004%, 0.80± 0.49%, 21± 16%)
for cluster mass thresholds of Mvir = (1014, 5 × 1014, 5 ×
1015)M, respectively.
In addition to the analytical approach, we use simulations
to estimate the tSZ four-point bias. As described for the CIB
in Section 4.1.2, we project 42 patches, each of 100 square
degrees, of the tSZ Healpix maps from the S10 and B13 sim-
ulations onto the flat sky, and perform lensing reconstruction.
We perform cluster masking by setting pixels within 5’ of the
cluster center to the median of the pre-masked map.
Figure 7 shows the tSZ power spectra and four-point biases
from these simulations. The latter are obatined by computing
the power spectrum of the reconstructed lensing maps. We
choose to mask using the virial mass for each cluster, since
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FIG. 7.— Biases on CMB lensing power spectra from tSZ clusters. Top left:
power spectra of the tSZ simulations, including those of B13 (blue) and S10
(red). Fainter colors correspond to more aggressive cluster mass cuts. Bottom
left: CMB lensing bias from the four-point function of these reconstructions
as a function of lensing multipole, L. Error bars denote the error on the mean,
based on the scatter from 42 patches of 100 square degrees each. Top right:
Cross correlation between the tSZ and the lensing field κ in the simulations.
Bottom right: absolute value of the bias induced from correlation between
the square of the tSZ and the lensing field. The black curves show the lensing
power spectrum multiplied by 0.05.
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FIG. 8.— Amplitude of simulation-derived thermal SZ biases at L = 500.
Left panel: bias from tSZ four-point function; right panel: absolute value
of the (negative) bias from the cross-correlation between tSZ and κ. Error
bars denote the error on the mean, based on the scatter from 42 patches, each
of 100 square degrees. In the left panel, the black points correspond to the
theoretical biases from the tSZ trispectrum, Eqs. 18 and 12, with errors that
include marginalization over σ8 and Ac. The amplitude is lower than in the
simulations because the simulations use a higher σ8 and Ac than the theory.
this mass definition is better matched to our theoretical model.
While the amplitudes of the power spectra of the two simu-
lations are comparable, the amplitude of the four-point fea-
ture differs by a factor of ∼ 1.6. This is commensurate with
real-space measures of kurtosis in the maps (Hill & Sherwin
2013), which differ by a factor of 1.66.
The left panel of Fig. 8 shows the fractional bias on the
lensing power spectrum at L = 500 for the two tSZ sim-
ulations. In order for the four-point bias to be reduced to
sub-precent levels we find that it is necessary to mask to
Mvir . 5× 1014M.
5.2. The Galaxy Cluster-Lensing Correlation
As with the CIB, the thermal SZ sky is expected to be cor-
related with the CMB lensing field. Since both sets of large-
scale structure-based simulations contain lensing fields which
are obtained from the same dark matter that is used to popu-
late the halos, both will contain a nonzero cross-correlation.
As shown in the top-right panel of Fig. 7, the S10 simulations
(with the updated tSZ model described in Section 3) yield a
tsz-κ cross-correlation coefficient of 40%, and the B13 model
yields a cross-correlation coefficient of 20%. These values are
for effectively no cluster masking; the reduction in the cross-
correlation when masking is performed is also shown. The
factor of two difference between the tSZ-κ cross correlation
obtained from the S10 and B13 simulations is likely due to
differences in the modeling of the tSZ effect from the inter-
galactic medium and at high redshifts.
Performing lensing reconstructions on the tSZ fields and
cross-correlating with the input lensing maps leads to a bias
which is negative at L < 2000, and positive at higher L, as
with the CIB. In the bottom-right panel of Fig. 7, we show
the bias from this correlation, for the two sets of simulations,
and for three levels of cluster masking. The values of the
bias at L = 500 are also shown as a function of mask level
in the right panel of Fig. 8. Without cluster masking, this
is a ∼ 10% bias for both simulations. Masking to Mvir =
5 × 1014M reduces the bias to ∼ 2%, and more aggressive
masking reduces this bias to a sub-percent level.
5.3. Dependence of SZ Bias on Mask Radius
Much of the tSZ four-point bias originates from large, rela-
tively nearby halos. An insufficiently large mask leaves wings
around each large projected cluster, which can become the
dominant source of non-lensing fluctuation in reconstructed
lensing maps. In Fig. 9, we show the bias on the lensing
power spectrum at L = 500 as a function of maximal clus-
ter mass, for various mask sizes. The plateaus seen at low
mass correspond to incomplete masking of large halos, and it
is clear that a mask of at least 5’ radius is necessary for mas-
sive clusters, for percent-level accuracy on the lensing power.
Thus multiple mask sizes may be needed, with larger masks
for nearby clusters.
6. DEPENDENCE OF LENSING BIASES ON MAXIMAL
TEMPERATURE MULTIPOLE
The optimal filter for isolating lensing effects in quadratic
CMB lensing reconstruction, Eq. 5, naturally downweights
the modes in the observed sky with the largest variance. This
can be seen by the presence in the denominator of the fil-
ter of the total power spectrum, Ctl , which consists of the
CMB, foreground, and noise power. Treating the CMB as
being beam-deconvolved, the noise power spectrum Cnoisel
increases exponentially at the beam scale, leading to a nat-
ural cutoff for the modes included in the lens reconstruction.
However, for experiments with high angular resolution this
weighting can introduce the effects of foreground trispectra
which become large at high multipoles, l & 2000, where the
CMB becomes relatively faint due to diffusion damping. For
the analysis in all preceding sections we have thus imposed a
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FIG. 9.— Thermal SZ four-point lensing bias at L = 500 in the B13
simulations for three cluster mask radii.
multipole limit of lmax = 3000. In this section we study the
dependence of the foreground biases on this choice.
In Fig. 10,, we show the statistical detection significance
for quadratic lensing reconstruction when assuming only sta-
tistical errors, neglecting foregrounds, for both an experiment
with white noise of amplitude 18µK-arcmin noise and a 1’
beam, and a no-noise experiment. The statistical errors are
calculated following
L2(∆(CφφL ))
2 =
1
L∆Lfsky
(L2CφφL +N
(0)
L (lmax)), (21)
where ∆L is the binning size and fsky the fraction of sky
observed. The statistical significance for a lensing detection
is then estimated using S/N = (
∑
L (C
φφ
L /∆(C
φφ
L ))
2)1/2.
For the 18µK-arcmin experiment, increasing the maximum
multipole from lmax = 3000 to 4000 leads to an increase in
signal-to-noise ratio of only 11%, while for the no-noise ex-
periment the gain is a factor of 1.35. We also show the total
bias determined for our simulations.
In Fig. 11, we show all the simulation-derived lensing
biases as a function of lmax, for an experiment with a
noise level of 18µK-arcmin. Here clusters are masked to
Mvir = 5 × 1014M and sources masked to 5 mJy. All bi-
ases can be seen to increase quickly with lmax. Also shown is
the totals band (solid grey), bounded by the spread of the sum
of the biases for each model.
7. REDUCING BIAS BY AGGRESSIVE SOURCE MASKING
As we have shown, one way to reduce astrophysical biases
on the lensing power spectrum is to mask sources and clus-
ters aggressively, particularly, to lower detection thresholds
than the very strongly-detected sources which would likely
be masked in a standard analysis. This process may intro-
duce new biases, and in this section we use simulations of the
lensed CMB to determine the response to aggressive masking
on the estimation of the lensing power spectrum.
Several approaches have been put forward for dealing with
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FIG. 10.— Statistical errors and bias levels as a function of maximum multi-
pole included in the CMB lensing reconstruction. Top panel: projected CMB
lensing detection significance for an experiment with a noise level of 18µK-
arcmin (solid) and a noise-free experiment (dotted). In both cases, there is
an additional effective white noise level of 9.1µK-arcmin from the assumed
level of foreground power. Bottom panel: The solid grey shaded region cor-
responds to the range of total bias expected for the 18µK-arcmin experiment,
and the three thick lines correspond to the total biases for each of the three
simulations we consider: the S10 simulations (red), the B13 simulations us-
ing CIB model 1 (green), and the B13 simulations using CIB model 2 (blue).
The hatched grey region shows the total biases for the aggressive masking
level of 1 mJy and 1014M, with no instrumental noise. The dotted curves
correspond to the total biases for each of the three simulations.
source masks in practice. One approach is to combine source
masks with the mask from the edges of the field and any re-
gion of bright Galactic emission. This can be treated as an
additional source of statistical anisotropy, for which one can
apply the bias-hardened estimator of Namikawa et al. (2012).
With this technique, the effects of lensing and the mask mul-
tiplication are both treated as separate sources of statistical
anisotropy, and optimized quadratic estmators for each are
formulated. An unbiased lensing estimate, which is valid to
first order in the masking, can then be formed with a suitable
linear combination of the two reconstructed fields.
Another, more complete approach is to perform lensing re-
construction taking into account the full pixel covariances in
the CMB maps. Here the pixels which are to be masked can
be assigned infinite variance, effectively projecting them out
of the analysis. For large CMB maps this approach is naively
very computationally challenging, but can be sped up with
appropriate preconditioning (Smith et al. 2007, 2009).
A third method for treating sources is to restore the conti-
nuity of the CMB map at the source locations with in-painting
techniques. This was studied by Perotto et al. (2010) and
Benoit-Le´vy et al. (2013), using constrained Gaussian real-
izations to match the CMB fluctuations near the holes (Hoff-
man & Ribak 1991). Benoit-Le´vy et al. (2013) found that for
masks of up to 2% of the sky, a straightforward rescaling of
the N (0)L -subtracted reconstructions returns the input lensing
power spectrum to good accuracy.
As can be seen in Fig. 12, the total area of sky masked in-
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hole radii, for different mass and flux thresholds. Left: SZ clusters; right:
Infrared galaxies.
creases rapidly with aggressive masking, such that, depending
on the mask radius, masking sources to 1 mJy and clusters to
Mvir = 10
14M corresponds to 10-30% of the sky.
We perform a constrained realization of the structure in the
masked regions using the routine described in Bucher & Louis
(2012). This routine takes as input the power spectrum of the
sky, which is assumed known; in a real analysis one would
estimate the power spectrum directly from the valid data. Per-
forming lensing reconstruction and removing the N (0)L bias,
we find that for holes of radius 2.5 arcmin and small frac-
tions of the sky masked, the lensing power is reduced approx-
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FIG. 13.— Fractional lensing biases at L=500 as a function of the fraction of
sky masked when in-painting over masked regions with constrained Gaussian
realizations. The solid black line indicates the bias when only in-painting the
CMB fields. Each colored line corresponds to additionally in-painting the
reconstructed lensing deflection maps, at the same hole centers using hole
sizes of different radii.
imately in proportion to the amount of sky masked. However,
as seen in Fig. 13, there is a significant deviation from this
for some larger masked area fractions.
A straightforward approach for correcting for this bias
would be to estimate it from Monte Carlo simulations. We
studied an alternative approach which can in principle use the
data directly: we in-paint a second time, this time on the re-
constructed lensing deflection maps. Fig. 13 shows this frac-
tional biases at L = 500. In each case the maps of lensed
CMB and noise are masked with holes of 2.5′ radius. The
reconstructed lensing fields are then in-painted again for a va-
riety of mask sizes. Since this second in-painting is restoring
lensing power to the masked regions, one might expect that
the bias should be significantly reduced. However, we find
that this is the case only when increasing the size of the holes
to ∼ 4′ in this step. Thus there is some significant nontriv-
ial structure in the lensing maps in the vicinity outside each
original point source mask. Fig. 13 shows that the residual
bias can be greatly reduced using this two-step in-painting
procedure, as in the case of using 4′ holes to in-paint the de-
flection map. This leaves a smaller remaining bias that still
needs to be evaluated using Monte Carlo simulations. How-
ever, other techniques may still be devised to deal with this
bias in a cleaner fashion.
8. DISCUSSION
In this paper we have studied several sources of bias on
reconstructed CMB lensing power spectra that originate from
known sources of non-Gaussianity in the millimeter-wave sky
on small angular scales.
Lensing analyses using high angular-resolution maps, such
as those from ACT and SPT, yield much stronger lensing de-
tections per unit sky area than analyses of maps from a lower-
resolution experiment such as Planck. Intuitively this is due
to the increased number of CMB mode pairs over which to
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average, out to the higher effective maximum multipole lmax.
However, at high lmax, foreground fluctuations also become
increasingly important, to the point that they dominate the ob-
served power spectrum at l & 3000. To date, the analysis of
temperature maps from ACT (Das et al. 2011, 2013) and SPT
(van Engelen et al. 2012) has yielded lensing detections at low
enough significance that these biases could be neglected, with
the smallest uncertainty on the lensing amplitude to date be-
ing the 16% of van Engelen et al. (2012). However, current
and upcoming analyses will map sky areas which are larger
by factors of several than these, and possibly with lower noise
levels (in the case of a wide survey with ACTpol). With statis-
tical uncertainties of a few percent on the lensing amplitude,
systematic effects need to be understood and controlled, ide-
ally to a percent or better.
Point sources can be detected to the relatively low flux
levels of several mJy in maps such as those from ACT and
SPT, particularly with the inclusion of data at multiple wave-
lengths. If point sources are uncorrelated, a nonzero trispec-
trum impacts the inferred lensing amplitude, but this bias is
sub-percent after applying standard masking thresholds. In
addition, the fact that the trispectrum is constant in multipole
space for these sources means that this bias can be treated
with other approaches, such as projecting it out of the recon-
structed map (Namikawa & Takahashi 2013).
To treat other types of non-Gaussian foregrounds, particu-
larly those with a different shape in multipole space, we an-
alyzed two independent, realistic sets of simulations (S10,
B13). For the CIB portions of these simulations, we first
rescaled the amplitudes of the maps to match the observed
power spectra. We then estimated the bispectra for these
simulations, finding reasonable agreement with recent mea-
sures from SPT (Crawford et al. 2013) and Planck (Planck
Collaboration et al. 2013e). Performing lensing reconstruc-
tions on these fields, we isolated two types of bias; the first
originates from the connected four-point function of the CIB,
and the second originates from the correlation of the squared
CIB with the lensing field. Since these biases are of opposite
sign there is some degree of cancellation. We found that both
sources of bias can impact the lensing amplitude at the level
of several percent, with the latter type of bias being larger. If
masking is chosen as the method to treat this bias, we find that
masking to ∼ 1 mJy achieves percent-level biases.
Fluctuations from the thermal Sunyaev-Zel’dovich effect
can also lead to substantial biases, even when masking objects
that are confidently detected. We computed the biases from
the tSZ simulations of S10 and B13, both of which contain
updated gas models designed to match the recent measure-
ments of the power spectrum of tSZ fluctuations. Again we
found that for standard masking levels, biases of a few per-
cent can remain, though there is some cancellation between
the two types.
We explored the uncertainty in the tSZ trispectrum, orig-
inating from its dependence on the details of the cluster
gas profiles and the cosmological model. Using an analyti-
cal model of the tSZ trispectrum on the scales of relevance
for CMB lensing, we calculated the four point-induced bias.
We then perturbed in the space of cosmological and cluster-
physics parameters, the parameters which most affect the in-
ferred lensing bias, leading to a large uncertainty. It thus
seems necessary to use either aggressive cluster masking, in-
put from other frequencies, or an estimation of the tSZ trispec-
13
trum from the map itself to reduce this bias to percent levels.
Figure 14 summarizes our simulation-derived findings,
with bands indicating the spread between the mean lens-
ing biases for the various models. The left panel corre-
sponds to “standard” masking, with clusters and sources
masked to their approximate 5σ thresholds of Smax = 5 mJy
and Mvir = 5 × 1014 M. The right panel corresponds
to an “aggressive” masking level of Smax = 1 mJy and
Mvir = 1 × 1014M. In order to reduce the total bias on the
lensing power spectrum to be less than one percent, we have
additionally found it necessary to reduce the maximal temper-
ature multipole in the lens reconstruction from lmax = 3000
to lmax = 2500 for this case. In this figure we have also
allowed for the anticorrelation between the CIB and tSZ at
150 GHz (Addison et al. 2012), which reduces the overall bi-
ases by ∼ 20%.
Given the strong dependence of the biases on source mask-
ing levels, we also studied the feasibility of masking very
aggressively. We used an in-painting routine to fill in the
lensed CMB and noise fluctuations at the locations of masked
sources and clusters, finding a negative bias on the recon-
structed lensing power that roughly scales with the fraction
of sky masked, for sufficiently small masked sky fractions.
Attempting to reduce this bias by in-painting in the recon-
structed lensing fields reduces this bias in a way that depends
sensitively on the size of the in-painted region. For an ex-
perimental analysis, it may be necessary to include this in-
painting bias as a transferring effect on the reconstructed lens-
ing power using detailed simulations, as we have done here.
The next few years promise to be an exciting time for
CMB lensing, as it matures into a precision cosmological
probe. Here we have shown that although the biases from
foregrounds are not trivial, they do not present an insurmount-
able obstacle to using CMB lensing as a new, clean probe for
physics that affects the growth of structure.
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